New families of exact general relativistic thick disks are constructed using the "displace, cut, fill and reflect" method. A class of functions used to "fill" the disks is derived imposing conditions on the first and second derivatives to generate physically acceptable disks. The analysis of the function's curvature further restrict the ranges of the free parameters that allow phisically acceptable disks. Then this class of functions together with the Schwarzschild metric is employed to construct thick disks in isotropic, Weyl and Schwarzschild canonical coordinates. In these last coordinates an additional function must be added to one of the metric coefficients to generate exact disks. Disks in isotropic and Weyl coordinates satisfy all energy conditions, but those in Schwarzschild canonical coordinates do not satisfy the dominant energy condition.
Introduction
Exact solutions of Einstein's field equations with axial symmetry play an important role in the astrophysical applications of general relativity, since the natural shape of an isolated self-gravitating fluid is axially symmetric. In particular, disk-like configurations of matter are of great interest, since they can be used as models of galaxies and accretion disks.
Solutions for static thin disks without radial pressure were first studied by Bonnor and Sackfield [1] , and Morgan and Morgan [2] , and with radial pressure by Morgan and Morgan [3] . Several classes of exact solutions of the Einstein field equations corresponding to static thin disks with or without radial pressure have been obtained by different authors [4] - [13] . Thin rotating disks that can be considered as a source of the Kerr metric were presented in [14] , while rotating disks with heat flow were studied in [15] . Also thin disks with radial tension [16] , magnetic fields [17] and magnetic and electric fields [18] were considered. The nonlinear superposition of a disk and a black hole was first obtained by Lemos and Letelier [7] . Perfect fluid disks with halos [19] and charged perfect fluid disks [20] were also studied. For a survey on self gravitating relativistic thin disks, see for instance [21] .
In the works cited above an inverse style method was used to solve the Einstein equations, i. e., the energy-momentum tensor is computed from the metric representing the disk. Another approach to generate disks is by solving the Einstein equations given a source (energy-momentum tensor). This has been used by the Jena group to generate several exact solutions of disks [22] - [29] .
Even though in a first approximation thin disks can be used as usefull models of galaxies, in a more realistic model the thickness of the disk should be considered. The addition of a new dimension may change the dynamical properties of the disk source, e. g., its stability. Thick static relativistic disks in various coordinate systems were presented in [30] . The method used to construct the thick disks is a generalization of the well known "displace, cut and reflect" method used to generate thin disks from vacuum solutions of Einstein equations. This generalization adds a new step and thus can be named "displace, cut, fill and reflect" method. In [30] a particular function with properties that will be discussed later was used to "fill" the disks.
In this article we present a class of the functions mentioned above and use them together with the Schwarzschild metric to construct more models of exact relativistic thick disks. In Sec. 2 we discuss the main idea of the "displace, cut, fill and reflect" method and use the Newtonian KuzminToomre disk to put constraints on the parameter in the class of "fill" functions so that the disks are physically acceptable. Then in Sec. 3 we take the Schwarzschild solution in isotropic cylindrical coordinates to generate thick disks. These disks have equal radial and azimuthal pressures but are different from vertical pressures. In Sec. 4 the same procedure is repeated Figure 1 : Construction of a thick disk by the "displace, cut, fill and reflect" method. In (a) the space with a singularity is displaced and cut by a plane (dashed line). In (b), after disregard the part with singularities, a thick shell is put below the plane. In (c), the resultant configuration is reflected on the bottom surface of the shell.
in Weyl coordinates. The resulting disks have radial tensions that have the same modulus as the vertical pressures, azimuthal tensions near the center and azimuthal pressures for larger disk radii. In Sec. 5 thick disks are constructed in canonical Schwarzschild coordinates, which were not previously studied. Here an additional function must be added in order to generate exact disks. The disks show similar characteristics of those constructed in Weyl coordinates, but radial tensions are different from vertical pressures. Finally, in Sec. 6 we summarize the main results.
Newtonian Thick Disks
In order to construct a thick disk we use a modification of the "displace, cut and reflect" method, due to Kuzmin [31] . It can be divided in the following steps ( Fig. 1) : first, choose a surface (usually the z = 0 plane) that divides the usual space in two parts: one with no singularities or sources, and the other with singularities. Second, disregard the part of the space with singularities. Third, put a thick shell below the surface. Fourth, use the bottom surface of the shell to make an inversion of the nonsingular part of the space. The result will be a disk of infinite extension and thickness twice of the shell. In the original method the surface that divides the space is used to make an inversion, resulting in a space with a singularity that is a delta distribution with support on z = 0. Because of the additional step, the modification can be named "displace, cut, fill and reflect" method.
Mathematically the procedure is equivalent to make the transformation z → h(z) + b, where b is a constant and h(z) an even function of z. In order to generate thick disks with well defined properties, the function h(z) and its first derivative should be continuous in the region −a ≤ z ≤ a, where 2a is the disk thickness. Furthermore, the first and second derivatives of h(z) with respect to z should be chosen such that the mass density of the disk (a) is non-negative everywhere and (b) is a monotonously decreasing function of r and z. In the case of Newtonian gravity, the potential Φ(r, z) satisfies the Laplace equation
After we make the transformation z → h(z) + b, Eq. (1) leads to
where primes indicate differentiation with respect to z. From Eq. (2) we have that, if |h ′ | = 1 and thus h ′′ = 0 when |z| ≥ a, the mass density vanishes outside the disk. For |z| ≤ a, we get from Poisson equation
If we start from an even and positive polynomial for h ′′ (z), we arrive at a class of functions h(z) that satisfy all the requirements stated above given by
with
Here n = 1, 2, . . ., and c is the jump of the second derivative on z = ±a. The special case when ac = 1 was considered in [30] . As an example we consider the gravitational potential of a mass point in cylindrical coordinates
By doing the transformation z → h(z) + b in the previous potential and using Eq. (3), we obtain the mass densitỹ
with R 2 =r 2 + (h +b) 2 and the variables and parameters were rescaled in terms of the disk half-thickness:r = r/a,h = h/a,b = b/a,m = m/a, ρ = a 2 ρ and withc = c/a andz = z/a in Eq. (4). The mass density will be positive ifh
Whenz = 0, condition (7) reduces tõ
andc < 2n + 1 to makeb positive. Whenz = 0, (7) givesc(h +b) ≥ 0, or c ≥ 0. Thus the parameterc is restricted to 0 ≤c < 2n + 1.
The total massM of the disk is easily calculated
thus the disks have finite mass. In Fig. 2 we plot the curves ofh(z) and its first and second derivatives with n = 1 forc = 0, 0.5, 1 and 2. We also plot the curvatureκ ofh, calculated from the expressioñ Fig. 3 and Fig. 4 show the mass density for a Newtonian thick disk calculated with the functionh(z) depicted in Fig. 2 (a) and with parametersm = 1 and b = 2. In Fig. 5 we plot againh(z) with n = 2 and the same values forc as in Fig. 2 ; and the mass density for a Newtonian disk using this function with parametersm = 1 andb = 2 is shown in Fig. 6 and Fig. 7 . We note that the mass distribution alongr = 0 has a similar shape to the curves for the curvatureκ. Above some value of the jumpc, the maximum of the mass density at (r,z) = (0, 0) becomes a local minimum point and two other maximum points appear. This may be interpreted as a split from one into two disklike distributions of matter, a configuration that does not seem to be physically reasonable. Thus we restrict the interval of values forc such that the mass density has only a central maximum. The critical points of the curvature function are given bỹ The level curves in Fig. 4 and in Fig. 6 -7 also indicate some undesirable features of the disks: some isodensity curves show that the density decreases towards the disk's center. This happens even for n = 1,c = 1 in Fig. 4 (a) and n = 2,c = 0 in Fig. 6(a) . Thus, in practice, the ranges for the parameter c that allow physically acceptable disks is even more restricted than those stated above. Using graphical analysis, we find that large values for the "cut" parameterb allow a larger "good" range for the parameterc, but in the next sections when the procedure will be applied in general relativity, large values forb will also mean less relativistic disks.
Thick Disks from the Schwarzschild Metric in Isotropic Coordinates
In cylindrical coordinates (t, r, z, ϕ) the isotropic metric takes the form
where the functions ν and µ depend on r and z. The Schwarzschild solution for metric Eq. (14) can be expressed as
where m > 0 and R 2 = r 2 + z 2 . The "displace, cut, fill and reflect" method applied to the above solution is equivalent to put R 2 = r 2 + (h + b) 2 where b > 0 and h(z) given by Eq. (4). The continuity of the metric function and its derivatives on z = ±a is satisfied by the continuity of h(z) and h ′ (z) on z = ±a. For |z| > a, Eq. (14) satisfies the vacuum Einstein equations.
For |z| < a, the components of the energy-momentum tensor of the disk are computed from the Einstein equations
where we use units such that c = 8πG = 1. Defining the orthonormal tetrad {V a , W a , Y a , Z a }, with
and using Eq. (16), the energy-momentum tensor can be written as
where σ = −T t t is the energy density, p r = T r r is the radial stress, which is equal to the azimuthal stress p ϕ = T ϕ ϕ , and p z = T z z is the vertical stress. The effective Newtonian density is given by ρ = σ + p r + p z + p ϕ . To satisfy the strong energy condition we must have ρ ≥ 0, the weak energy condition requires σ ≥ 0 and the dominant energy condition requires |p r /σ| ≤ 1, |p z /σ| ≤ 1 and |p ϕ /σ| ≤ 1. Using Eq. (15a)-(15b), we obtain [32] σ = 64m (m + 2R) 5 3(h +b)
whereσ = a 2 σ,ρ = a 2 ρ,p r = a 2 p r ,p z = a 2 p z , and the other dimensionless variables were defined in Sec. 2. From Eq. (19a)-(19c) we can see that if condition (7) is satisfied, we haveσ ≥ 0,ρ ≥ 0 andp r =p ϕ ≥ 0 (pressures). Thusb ≥ 2n/(2n + 1 −c) and 0 ≤c ≤ 2n + 1. We also have vertical pressure. To ensure nonsingular behaviour of the expressions, we impose that 0 <m < 2b. In Fig. 8 and Fig. 9 we plot the surfaces and level curves for the energy density, effective Newtonian density, radial and azimuthal pressures and vertical pressure for a thick disk with parametersm = 1,b = 2, n = 1 and c = 0. The ratio between any pressure and energy density is less than 0.15. Thus all energy conditions are satisfied. The shape of the level curves also show that for these parameters the disk is physically acceptable.
Thick Disks from the Schwarzschild Metric in Weyl Coordinates
The general metric for a static axially symmetric spacetime in Weyl's canonical coordinates (t, r, z, ϕ) is given by
where Φ and Λ are functions of r and z. The Einstein vacuum equations for this metric reduce to the Weyl equations [33, 34] Φ ,rr + Φ r r + Φ ,zz = 0,
In these coordinates, Schwarzschild solution assumes the form [33] Φ = 1 2 ln
where R 2 1 = r 2 + (m + z) 2 , R 2 2 = r 2 + (−m + z) 2 and m > 0. By applying the transformation z → h(z) + b on Eq. (22a)-(22b), using Eq. (21a)-(21c) and Einstein equations Eq. (16), the energy-momentum tensor can be written as
whith the orthonormal tetrad {V a , W a , Y a , Z a } defined as
In Eq. (23) ǫ = −T t t is the energy density and p r = T r r , p z = T z z = −T r r , p ϕ = T ϕ ϕ are respectively, the radial, vertical and azimuthal stresses. The effective Newtonian density is given by ρ = ǫ + p ϕ . The explicit expressions arẽ
From Eq. (25d) and Eq. (25e) we have vertical pressures and radial tensions. From Eq. (25b) the conditionǫ ≥ 0 on |z| = 1 gives
SinceR 1 >r,R 2 >r, andR 1 +R 2 ≥ 2b, we havẽ which is equivalent tom ≤ (
. It is not easy to obtain other constraints over the parametersm andb in order to satisfy all energy conditions. The analysis is better done graphically.
In Fig. 10 and Fig. 11 we plot the surfaces and level curves for the effective Newtonian density, energy density, vertical pressure and the azimuthal stresses for a thick disk with parametersm = 1,b = 2, n = 1, andc = 0. For these values we haveρ ≥ 0 andǫ ≥ 0 everywhere. The ratio between any pressure or tension and energy density is less than 0.35, thus the dominant energy condition is also satisfied. 
Thick Disks from the Schwarzschild Metric in Schwarzschild Coordinates
The Schwarzschild metric in Schwarzschild canonical coordinates (t, r, θ, ϕ) is written as
where m is a positive constant. In cylindrical coordinates (t, R, z, ϕ), Eq. (28) can be cast as
where R 2 = R 2 + z 2 . The "displace, cut, fill and reflect" method cannot be directly applied to metric Eq. (29), since the component g Rz is not an even function of z. But we can multiply it by an odd function of z, which we choose to be the first derivative of h(z). So we make the transformations z → h(z)+b and g Rz → g Rz h ′ (z) in Eq. (29) , and use the Einstein equations Eq. (16) to compute the components of the disk's energy-momentum tensor. With h(z) defined by Eq. (4), the metric Eq. (29) satisfies the vacuum Einstein equations for |z| > a and the metric functions together with their derivatives with respect to z are continuous on z = ±a. Note that the function multiplying g Rz may be other kind of function not necerrarily related to h(z), but its possible form is also limited by the requirements that the generated disks are physically acceptable, as was discussed in Sec. 2. The physical variables of the disk are obtained by solving the eigenvalue problem for
We find that T ab can be put in the form 
The vertical and horizontal lines in Fig. 14(c) are, respectively, the lines of flow associated to Eq. (34a) and Eq. (34b). We note that the lines are very parallel to the coordinate axes. This happens because the component T z r is about two orders of magnitude smaller than the other components of the energy-momentum tensor, thus the eigenvalues p ± are almost equal to the corresponding diagonal elements. We call then the eigenvalue p + with eigenvector V a the pressure mostly vertical and the eigenvalue p − with eigenvector X a the tension mostly radial.
Discussion
The "displace, cut, fill and reflect" method and a class of functions used to "fill" was used to construct new classes of thick general relativistic disks that generalize the models studied in a previous work [30] . The Newtonian Kuzmin-Toomre disks were used to put constraints on the parameter in the class of "fill" functions so that the disks were physically acceptable. Then the Schwarzschild solution was used to construct disks in isotropic cylindrical coordinates, Weyl coordinates and canonical Schwarzschild coordinates. In isotropic coordinates the disks have equal radial and azimuthal pressures (isotropic fluid) but different vertical pressures. Disks in Weyl coordinates present radial tensions that are equal in modulus as vertical pressures, azimuthal tensions near the disk's center and azimuthal pressures for larger radii. All disks are in agreement with the strong, weak and dominant energy conditions.
In canonical Schwarzschild coordinates the "displace, cut, fill and reflect" method cannot be applied directly and an additional odd function must be added to generate exact disks. We find that the disks have tensions along a direction mostly radial that are different from the pressures along a direction mostly vertical, and the azimuthal stresses have similar behavior as in disks in Weyl coordinates. These disks are in agreement with the strong and weak energy conditions, but the azimuthal stresses do not satisfy the dominant energy condition.
